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1. Introduction
The pure spinor formalism is a super-Poincare covariant description of the super-string
[1] 1. This new formulation has many attractive properties, for example, it simplifies
calculation of multiloop amplitudes [7, 8, 9]. Further it allows to find quantum formulation
of superstring in the background with Ramond-Ramond background, at least in principle
[10, 11, 12] 2.
On the other hand due to the fact that the BRST operator in the pure spinor for-
malism is unconventional the relation of this formalism to the Green-Schwarz (GS) and
Ramond-Neveu-Schwarz (RNS) formalisms for the super-string was mysterious 3. In a
recent remarkable paper N. Berkovits [40] explained these features. His idea was to add
a pair of non-minimal fields to the theory and perform a similarity transformation such
that the pure spinor BRST operator is expressed as a conventional-looking BRST operator
that contains collection of first-class constraints. More precisely this conventional-looking
BRST operator involves the Virasoro constraints and twelve fermionic constraints, where
eleven of these fermionic constraints are associated to the eleven independent components
of the original bosonic pure spinor ghost. The additional fermionic constraints and the
Virasoro constraints are associated to the new pair of non-minimal fields, bosonic (β˜, γ˜)
and fermionic (b, c). Even if this conventional form of the BRST operator is not manifestly
Lorentz invariant, it was shown that it is useful for construction of GSO(-) vertex operators
and for relating the pure spinor formalism to the GS and RNS formalisms.
Since the analysis presented in [40] was very interesting the goal of this paper is to
apply the similar procedure for the pure spinor string in general background. Explicitly, our
1For review, see [2, 3, 4, 5, 6].
2For some related works, see [13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23].
3The problem how pure spinor formalism arises from the conventional GS formalism was attached in
many papers from several point of view [24, 25, 26, 28, 29, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38, 39].
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starting point is the pure spinor action in general background that was introduced in [41] 4.
As opposite to the original work [41] we formulate the pure spinor action with general world-
sheet metric however keeping in mind an important point that pure spinor string is defined
on the world-sheet with flat metric. An advantage of this formulation (That of course
should be considered as technical tool) is that we can easily find Hamiltonian density as a
combination of Virasoro constraints that play a prominent role in Berkovits construction.
Then we perform the similarity transformation as in the case of pure spinor string in
flat space-time. Since we consider the background as general as possible we do not try to
calculate Poisson brackets between T± explicitly. Our basic presumption is that the Poisson
brackets between T± take standard form. Then we argue for an existence of two ghost
number −1 functions G± that play the role of b± ghost fields in the standard formulation.
We analyze their Poisson brackets among themselves and with Virasoro constraints. Then
we construct operator R and we discuss its basic properties. We show that generally this
operator is time dependent and we discuss consequence of its time dependence on the form
of the new BRST operator Q′.
The organization of this paper is as follows. In the next section (2) we review the clas-
sical treatment of the pure spinor string in flat Minkowski background. We introduce basic
notations and conventions. We also review the approach presented in [40] now formulated
in the context of classical mechanics and Poisson brackets.
Then in section (3) we generalize this analysis to the case of pure spinor string in general
background. In the first step we develop Hamiltonian formalism for this pure spinor string
and find the form of corresponding Hamiltonian and BRST charges. Then we argue for an
existence of two functions G± that allow to express T± as a result of the Poisson brackets
of Q with G±. Since we consider pure spinor string in general background we will not be
able to find explicit form of G± and their Poisson brackets with T±. On the other hand
we can guess the form of these Poisson brackets and try to analyze a consequence of these
non-trivial Poisson brackets on the form of the operator R. Then we determine the new
BRST operator Q′ that now contains collection of first-class constraints. Namely, if we take
pure spinor constraints into account then the new BRST operator Q′ contains collection of
two Virasoro constraints and 22 fermionic constraints. Finally, in conclusion (4) we outline
our results and suggest possible extension of this work.
2. Redefinition of Pure Spinor String BRST Charge in Flat Background
In this section we review the approach presented in [40]. We perform this analysis in
the context of classical Hamiltonian dynamics in order to have a contact with calculation
presented in next section.
Our starting point is pure spinor string action in flat background
S = −
∫
d2σ
√
−h(1
2
hµν∂µx
m∂νx
nηmn + ωµαPµν∂νθα + ωˆµαˆP˜µν∂ν θˆαˆ +
+ wµαPµν∂νλα + wˆµαˆP˜µν∂ν λˆαˆ) ,
(2.1)
4For discussion of pure spinor string in general background, see [42, 43, 44, 45, 46, 47].
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where hµν is two dimensional world sheet metric, σ0 = τ , σ1 = σ. Further, α = 1, . . . , 16
label Majorana-Weyl spinors and αˆ = 1, . . . , 16 label second Majorana-Weyl spinors and
ωµα, ωˆµαˆ are related to the momenta conjugate to θ
α, θˆαˆ. γmαβ , γ
m
αˆβˆ
are 16× 16 symmetric
Dirac matrices. We also introduced chiral and (anti-chiral) operators
Pµν = hµν − ε
µν
√−h , P˜
µν = hµν +
εµν√−h , (2.2)
where ετσ = −εστ = 1. Our goal is to develop classical Hamiltonian formalism for pure
spinor action (2.1). From (2.1) we determine momenta conjugate to xm, θα, θˆαˆ
pm =
δS
δ∂τxm
= −
√
−hhτµ∂µxm ,
pα =
δS
δ∂τ θα
=
√
−hωµαPµτ , pαˆ = δS
δ∂τ θˆαˆ
=
√
−hωˆµαˆP˜µτ .
(2.3)
In the same way we proceed in case of pure spinors and we define momenta πα, πˆαˆ conjugate
to λα, λˆαˆ as
πα =
δS
δ∂τλα
= −
√
−hwµαPµτ , πˆαˆ = δS
δ∂τ λˆαˆ
= −
√
−hwˆµαˆP˜µτ .
(2.4)
However in case of pure spinors there is slight subtlety due to the pure spinor constraints:
λα(γm)αβλ
β = 0 , λˆαˆ(γm)
αˆβˆ
λˆβˆ = 0 . (2.5)
These relations imply that not all λ’s are independent 5. On the other hand in case of
classical calculations presented in this paper we do not have to worry about pure spinor
constraints and in all calculations we can tread all π’s and λ’s as independent. Only in
the end of the calculations when we count number of independent constraints we use the
explicit parameterization of pure spinors given in footnote.
Let us now return to the review of basic properties of canonical variables. By definition
they obey graded Poisson brackets
{
xm(σ), pn(σ
′)
}
= δmn δ(σ − σ′) ,{
θα(σ), pβ(σ
′)
}
= −δαβ δ(σ − σ′) ,
{
θˆαˆ(σ), pˆ
βˆ
(σ′)
}
= −δαˆ
βˆ
δ(σ − σ′) ,
{
λα(σ), πβ(σ
′)
}
= δαβ δ(σ − σ′) ,
{
λˆαˆ(σ), πˆ
βˆ
(σ′)
}
= δαˆ
βˆ
δ(σ − σ′) .
(2.7)
5We can find set of eleven independent variables when we solve these constraints in U(5) invariant
manner. Under SU(5) × U(1), an SO(10) spinor decomposes as λα → (λ+, λab, λ
b) where a = 1 to 5,
λab = −λba and (λ
+, λab, λ
a) carries U(1) charge ( 5
2
, 1
2
,− 3
2
). If λ+ is assumed to be nonzero, λγmλ implies
that
λ
a = −
1
8λ+
ǫ
abcde
λbcλde (2.6)
so that λα has eleven independent components parameterized by λ+ and λab.
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Further the pure spinor action has to be accompanied with the BRST operators Q =
QL +QR where two BRST charges take the form
QL =
∫
dσλαdα , QR =
∫
dσλˆαˆdˆαˆ , (2.8)
where
dα = pα − ipm(γmθ)α + (γnθ)α(θγm∂σθ)ηmn + i(γmθ)α∂σxnηmn ,
dˆαˆ = pˆαˆ − ipm(γmθˆ)αˆ − (γmθˆ)αˆ(θˆγn∂σθ)ηmn − i(γmθˆ)αˆ∂σxnηmn .
(2.9)
We would like to stress that even if we formulated the action (2.1) with the general
world-sheet metric hµν the pure spinor string theory is formulated on the world-sheet with
flat world-sheet metric where hµν = ηµν ≡ diag(−1, 1) 6. Reason why we consider theory
with general world-sheet metric is that we can easily develop the Hamiltonian formalism
and also find the form of the Virasoro constraints. Explicitly, let us introduce variables
ρ± =
√−h± hτσ
hσσ
, ξ = lnhσσ , (2.10)
where ρ± are manifestly invariant under Weyl transformation h
′
µν = e
φhµν while ξ trans-
form as ξ′ = ξ + φ. Using this notation we can express the projectors (2.2) as
Pττ = −4 e
−ξ
(ρ+ + ρ−)2
, Pσσ = 4 ρ
+ρ−e−ξ
(ρ+ + ρ−)2
,
Pτσ = −4 ρ
−e−ξ
(ρ+ + ρ−)2
, Pστ = 4 ρ
+e−ξ
(ρ+ + ρ−)2
,
P˜ττ = 4 e
−ξ
(ρ+ + ρ−)2
, P˜σσ = 4 ρ
+ρ−e−ξ
(ρ+ + ρ−)2
,
P˜τσ = 4 ρ
+e−ξ
(ρ+ + ρ−)2
, P˜στ = −4 ρ
−e−ξ
(ρ+ + ρ−)2
.
(2.11)
Then we can easily find the Hamiltonian density in the form
H = ∂τxmpm + ∂τθαpα + ∂τ θˆαˆpˆαˆ − L =
= − 1√−hhττ [
1
2
pmη
mnpn +
1
2
∂σx
mηmn∂σx
n]− h
τσ
hττ
pm∂σx
m −
− hττ
hτσ +
√−hpα∂σθ
α − hττ
hτσ −
√−hpˆαˆ∂σ θˆ
αˆ +
+
hττ
hτσ +
√−hπα∂σλ
α +
hττ
hτσ −
√−hπˆαˆ∂σλˆ
αˆ =
6Pure spinor string on world-sheet with general metric was also studied in interesting paper [39].
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=
ρ+ + ρ−
2
[
1
2
pmη
mnpn +
1
2
∂σx
mηmn∂σx
n
]
+
1
2
(ρ+ − ρ−)pm∂σxm +
+ ρ−(pα∂σθ
α − πα∂σλα)− ρ+(pˆαˆ∂σ θˆαˆ − πˆαˆ∂σλˆαˆ) =
= ρ+T+ + ρ
−T− ,
(2.12)
where
T− =
1
4
[pmη
mnpn + ∂σx
mηmn∂σx
n]− 1
2
pm∂σx
m + pα∂σθ
α − πα∂σλα ,
T+ =
1
4
[pmη
mnpn + ∂σx
mηmn∂σx
n] +
1
2
pm∂σx
m − pˆαˆ∂σ θˆαˆ + πˆαˆ∂σλˆαˆ
(2.13)
or alternatively
T− =
1
4
ηmnΠ−mΠ−n + dα∂σθ
α − πα∂σλα ,
T+ =
1
4
ηmnΠ+mΠ+n − dˆαˆ∂σ θˆαˆ + πˆαˆ∂σλˆαˆ ,
(2.14)
where
Π+m = (pm + ∂σx
nηnm − 2i(θˆγn∂σ θˆ)ηnm) ,
Π−m = (pm − ∂σxnηnm + 2i(θγn∂σθ)ηnm) .
(2.15)
Note that we also used following relations
dαµPµσ = ρ−dαµPµτ ,
dˆαˆµP˜µσ = −ρ+dαˆµP˜µτ
(2.16)
that follow from the explicit form of projectors given in (2.11) 7. Now with the help of the
standard Poisson brackets that are collected in Appendix we easily obtain
{
dα(σ), T−(σ
′)
}
= −dα(σ)∂σδ(σ − σ′)− ∂σdα(σ)δ(σ − σ′) ,{
dˆαˆ(σ), T+(σ
′)
}
= dˆαˆ(σ)∂σδ(σ − σ′) + ∂σdˆαˆ(σ)δ(σ − σ′) .
(2.17)
Then it is easy to determine the Poisson brackets between Q and T+, T− and we obtain
{QL, T+(σ)} = 0 , {QR, T+(σ)} = 0 ,
{QL, T−(σ)} = 0 , {QR, T−(σ)} = 0 .
(2.18)
7It is also clear that this relations hold for further chiral variables.
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Further, after some algebra we determine the Poisson bracket between Virasoro constraints
{
T+(σ), T+(σ
′)
}
= 2T+(σ)∂σδ(σ − σ′) + ∂σT+(σ)δ(σ − σ′) ,{
T−(σ), T−(σ
′)
}
= −2T−(σ)∂σδ(σ − σ′)− ∂σT−(σ)δ(σ − σ′) ,{
T+(σ), T−(σ
′)
}
= 0 .
(2.19)
We see that these Poisson brackets take standard form. This fact will be important bellow.
Now we come to an important point in pure spinor formalism. Although there is no
fundamental b ghost in the pure spinor formalism one can construct a composite operators
G± that obey the relations
{Q,G+(σ)} = T+(σ) , {Q,G+(σ)} = T+(σ) , (2.20)
where
G+ =
CˆαˆG
αˆ
+
Cˆαˆλˆαˆ
, G− =
CαG
α
−
Cαλα
,
Gαˆ+ = −
i
8
Πm+ (γmdˆ)
αˆ +
1
4
Nˆmn(γ
mn∂σ θˆ)
αˆ +
1
4
Jˆ∂σ θˆ
αˆ ,
Gα− = −
i
8
Πm− (γmd)
α − 1
4
Nmn(γ
mn∂σθ)
α − 1
4
J∂σθ
α .
(2.21)
Alternatively, using the fact that {Q,λα} = 0 we can write
{Q,G−} = Cα
Cαλα
{
Q,Gα−
}
= T− . (2.22)
In fact, using Poisson brackets given in Appendix and using important identities
δ
γ
βδ
δ
α =
1
2
γmαβγ
γδ
m −
1
8
(γmn)γα(γmn)
δ
β −
1
4
δγαδ
δ
β ,
(γm)γδ(γm)αβ + (γ
m)γα(γm)βδ + (γ
m)γβ(γm)δα = 0
(2.23)
we can show that the Poisson brackets between Q and Gα+ given in (2.21) is equal to{
Q,Gα−
}
= λαT− (2.24)
that confirms (2.22). In the same way we obtain{
Q,Gαˆ+
}
= λˆαˆT+ . (2.25)
As the next step we calculate the Poisson bracket {G−(σ), G−(σ′)}. The calculation of this
bracket is non-trivial and deserves careful calculation. However after some work we derive
important result {
G−(σ), G−(σ
′)
}
= 0 . (2.26)
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It is important to stress that the Poisson bracket given above vanish on condition that Cα
is pure spinor: Cα(γm)αβC
β = 0. In the same way we obtain that{
G+(σ), G+(σ
′)
}
= 0 . (2.27)
As we will see below the fact that the Poisson brackets (2.26) and (2.27) are zero has an
important consequence for the correct redefinition of the BRST operator.
Further we determine the Poisson brackets between T± and G±. Using the formulas
collected in Appendix we easily obtain{
T+(σ), G+(σ
′)
}
= −2G+(σ)∂σδ(σ − σ′)− ∂σG+(σ)δ(σ − σ′) ,{
T−(σ), G−(σ
′)
}
= 2G−(σ)∂σδ(σ − σ′) + ∂σG−(σ)δ(σ − σ′) ,{
T±(σ), G∓(σ
′)
}
= 0 .
(2.28)
After these preliminary calculations we follow [40] and add to the BRST operator (2.8)
cohomology trivial term
∫
dσ(γ˜+b+ + γ˜
−b−) so that the BRST operator takes the form
Q =
∫
dσ(λαdα + λˆ
αˆdˆαˆ + γ˜
+b+ + γ˜
−b−) ,
(2.29)
where (β˜±, γ˜
±) are bosonic and (b±, c
±) are fermionic fields that have following Poisson
bracket structure{
c±(σ), b±(σ
′)
}
= −δ(σ − σ′) ,
{
γ˜±(σ), β˜±(σ
′)
}
= δ(σ − σ′) . (2.30)
Using these Poisson bracket and the form of the BRST operator (2.29) we easily determine
the transformation properties of these fields under BRST transformations{
Q, c+(σ)
}
= −γ˜+(σ) , {Q, c−(σ)} = −γ˜−(σ) ,{
Q, β˜+(σ)
}
= b+(σ) ,
{
Q, β˜−(σ)
}
= b−(σ) .
(2.31)
We also suggest that these fields contribute to the Hamiltonian density as
δH ≡
∫
dσ(ρ+(−β˜+∂σγ˜+ − ∂σ(β˜+γ˜+) + b+∂σc+) +
+ ρ−(β˜−∂σγ˜
− + ∂σ(β˜−γ˜
−)− b−∂σc−))
(2.32)
since then the time evolution of β˜, γ˜, b, c has an expected form
∂τ β˜± =
{
δH, β˜±
}
= ±∂σ(ρ±β˜±) ,
∂τ γ˜
± =
{
δH, γ˜±
}
= ±ρ±∂σγ˜± ,
∂τc
± =
{
δH, c±
}
= ±ρ±∂σc± .
∂τ b± =
{
δH, b±
}
= ±∂σ(ρ±b±) ,
(2.33)
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In what follows we return to the standard presumption of the pure spinor formalism that
the world-sheet metric is flat. Then ρ+ = ρ− = 1 and using (2.28) we easily determine
∂τG± = ±∂σG± .
(2.34)
Now we are ready to perform the redefinition of the BRST operator (2.29). Let us consider
an operator
R =
∫
dσ(c+G+ + c
−G− + c
+∂σc
+β+ − c−∂σc−β−) . (2.35)
Using (2.33) and (2.34) it is easy to see that R is conserved
∂τR =
∫
dσ∂σ(. . .) = 0 ,
(2.36)
where we implicitly presume that the world-sheet modes obey appropriate boundary con-
ditions. Our goal is to perform classical analogue of the redefinition of the BRST operator
Q that was performed in [40]. In order to clearly understand of this redefinition in the
context of classical mechanics we will be slightly formal and consider either matrix valued
functions or quantum mechanics operators F,Q and R in the form
F (x) = exRQ(e−xR) , (2.37)
where x is free parameter.
As the next step we make an expansion around the point x = 0 so that
F (x) =
∞∑
n=0
1
n!
dnF
dnx
(0)xn (2.38)
and where
dF
dx
(0) = [R,Q] ,
d2F
d2x
(0) = [R, [R,Q]] ,
. . .
dnF
dnx
(0) =
n︷ ︸︸ ︷
[R, . . . , [R, [R,Q]]] . (2.39)
Then putting x = 1 and using the fact that F (x = 1) = Q′ we obtain the formal expression
for Q′ in the form
Q′ = Q+
n∑
n=1
1
n!
n︷ ︸︸ ︷
[R, . . . , [R, [R,Q]]] . (2.40)
Using the analogy between Poisson brackets in classical mechanics and commutators in
quantum mechanics we propose the classical redefinition of the operator Q′ in the form
Q′ = Q+
n∑
n=1
1
n!
n︷ ︸︸ ︷
{R, . . . , {R, {R,Q}}} (2.41)
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where {. . .} corresponds to graded Poisson bracket. In usual situation the sum above
terminates after few steps. Before we proceed to the explicit determination of Q′ we show
that the new operator Q′ is conserved: d
dτ
Q′ = 0. In fact, since ∂τR = 0 we easily obtain
that
dQ′
dτ
= 0 . (2.42)
Now we proceed to the explicit calculation of Q′. To do this we have to calculate the
Poisson brackets {R,Q} , {R, {R,Q}} , . . .. Firstly, we have
{R,Q} =
∫
dσ(c+(T+ − β˜+∂σγ˜+ − ∂σ(β˜+γ˜+) + b+∂σc+) +
+ c−(T− + β˜−∂σγ˜
− + ∂σ(β˜−γ˜
−)− b−∂σc−) + γ˜+G+ + γ˜−G−) ,
(2.43)
where we used
{
R, c±
}
= 0 ,
{
R, β˜±
}
= 0{
R, γ˜±
}
= ∓c±∂σc± ,{
R, b+
}
= G+ + ∂σc
+β˜+ + ∂σ(c
+β˜+) ,{
R, b−
}
= G− − ∂σc−β˜− − ∂σ(c−β˜−)
(2.44)
As the next step we calculate {R, {Q,R}}. In fact, using (2.44) we obtain the result
{R, {R,Q}} = 0 . (2.45)
In other words we obtain the BRST operator Q′ in the form
Q′ =
∫
dσ[c+T˜+ + c
−T˜− + λ
αdα + λˆ
αˆdˆαˆ +
+ γ˜+G+ + γ˜
−G− + γ˜
+b+ + γ˜
−b−] ,
(2.46)
where
T˜+ = T+ − β˜+∂σγ˜+ − ∂σ(γ˜+β˜+) + b+∂σc+ ,
T˜− = T− + β˜−∂σγ˜
− + ∂σ(β˜−γ˜
−)− b−∂σc− .
(2.47)
This is the standard form of the BRST operator for closed superstring when we interpret
(γ˜+, λ+, λab, γ˜
−, λˆ+, λˆab) as 24 independent bosonic ghosts together with two sets of Vira-
soro constraints. It was shown in [40] that this action is closely related to Green-Schwarz
superstring. It is also nice to see that the new BRST operator contains Virasoro constraints
whose presence was hidden in the original formulation of pure spinor string.
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3. General Background
In this section we extend the discussion presented in previous section to the case of pure
spinor string in general background 8. Recall that this action takes the form
S = −
∫
d2σ
√
−h(1
2
hµνgµν − 1
2
ǫµνbµν +
+ PαβˆdαµPµν dˆβˆν + dαµPµν∂νZMEαM (Z) + dˆαˆµP˜µν∂νZMEαˆM (Z) +
+ wµβλ
αPµν∂νZMΩ βMα + wˆµβˆ λˆαˆP˜µν∂νZM ΩˆβˆMαˆ + Cβγˆα λαwβµP˜µν dˆγˆν +
+ Cˆ βˆγαˆ λˆ
αˆwˆ
βˆµ
Pµνdγν + SβδˆαγˆλαwβµPµν λˆαˆwˆδˆν) + Sλ + Sλˆ ,
(3.1)
where
Sλ = −
∫
d2σ
√
−hwµαPµν∂νλα , Sλˆ = −
∫
d2σ
√
−hwˆµαˆP˜µν∂ν λˆαˆ .
(3.2)
Note also that gµν and bµν that appear in (3.1) are defined as
Gµν = ∂µZ
MEaM∂νZ
NEbNηab , bµν = ∂µZ
M∂νZ
NbMN , (3.3)
and where M = (m,µ, µˆ) are curved superspace indices, ZM = (xm, θµ , θµˆ), A = (a, α, αˆ)
are tangent superspace indices, Sλ , Sλˆ are the flat actions for the pure spinor variables.
Finally EαM , E
αˆ
M , Ω
β
Mα , Ωˆ
βˆ
Mαˆ , P
αβˆ , C
βγˆ
α , Cˆ
βˆγ
αˆ , S
βδˆ
αγˆ are background space-
time fields. Note also that dµα , dˆµαˆ should be treated as independent variables since pα , pˆαˆ
do not appear explicitly in the action.
As in the flat space the fundamental object of the pure spinor formalism in the general
background is the BRST operator Q = QL +QR where
QL =
∫
dσλαdαµ
√
−hPµτ , QR =
∫
dσλˆαˆdˆαˆµ
√
−hP˜µτ .
(3.4)
Properties of these operators were carefully studied in [41] and we recommend this paper
for more details.
In order to use the classical formalism we have to express dµα , dˆµαˆ in terms of the
canonical variables of the extended phase space spanned by coordinates (ZM , λα, λˆαˆ, PM , πα, πˆαˆ)
where
PM =
δS
δ∂τZM
= −
√
−hhτµEaMηab∂µZNEbN + ∂σZNbMN +
+
√
−h[EαMdαµPµτ + EαˆMdαˆµP˜µτ −
− wµβλαPµτΩ βMα − wˆµβˆ λˆαˆP˜µτ ΩˆβˆMαˆ]
(3.5)
8We omit the Fradkin-Tseytlin term
R
Φ(Z)r where Φ is dilaton super-field and r is world-sheet curva-
ture.
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and
πα =
δS
δ∂τλα
= −wµα
√
−hPµτ , πˆαˆ = δS
δ∂τ λˆαˆ
= −wˆµαˆ
√
−hP˜µτ .
(3.6)
By definition these momenta obey the canonical graded Poisson brackets
{
ZM (σ), PN (σ
′)
}
= (−1)|M |δMN δ(σ − σ′) ,{
λα(σ), πβ(σ
′)
}
= δαβ δ(σ − σ′) ,
{
λˆαˆ(σ), πˆ
βˆ
(σ′)
}
= δαˆ
βˆ
δ(σ − σ′) .
(3.7)
As the next step we express dαµ as functions of canonical variables. To begin with we use
the definition of vielbein
EMA E
B
M = δ
B
A . (3.8)
Then
EMα E
b
M = 0 , E
M
α E
αˆ
M = 0 (3.9)
and consequently when we multiply (3.5) with EαM from the left we can express dαµPµτ , dˆαˆµP˜µτ
as functions of canonical variables
dαµPµτ = 1√−hE
M
α [PM − ∂σZNbMN − Ω βMγλγπβ − ΩˆβˆMαˆλˆαˆπˆβˆ] ≡
1√−hdα ,
dˆ
µβˆ
P˜µτ = 1√−hE
M
αˆ [PM − ∂σZNbMN − Ω βMγλγπβ − ΩˆβˆMαˆλˆαˆπˆβˆ] ≡
1√−hdˆαˆ .
(3.10)
It is also useful to introduce the notation
Πaµ = ∂µZ
MEaM , Pa = E
M
a PM ,
Πaτ = −
1√−hhττ η
abPˆb − h
τσ
hττ
Πaσ ,
(3.11)
where
PˆA = E
M
A PM −EMA ∂σZNbMN − EMA ΩαMβπαλβ − EMA ΩˆαˆMβˆπˆαˆλˆ
βˆ . (3.12)
With this notation and after some work we derive the Hamiltonian density for pure spinor
string in general background in the form
H = ∂τλαπα + ∂τ λˆαˆπˆαˆ + ∂τZMPM − L =
= −1
2
√
−hhττΠaτΠbτηab +
1
2
√
−hhσσΠaσΠbσηab +
+
1
2
√
−h[Cβγˆα λαwβµP˜µρ1hρ1ρ2P˜ρ2ν dˆγˆν +
+ Cˆ βˆγαˆ λˆ
αˆwˆ
βˆµ
Pµρ1hρ1ρ2Pρ2νdγν + SβδˆαγˆλαwβµPµρ1hρ1ρ2Pρ2ν λˆαˆwˆδˆν ] +
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+
√
−h[wµαλβPµσ∂σZMΩβMα ++wˆµαˆλˆβˆP˜µσΩˆβˆMαˆ +
+ dαµPµσΠσ + dαˆµP˜µσΠσ + PαβˆdαµPµνdβˆν ]
+
√
−hwµαPµσ∂σλα +
√
−hwˆµαˆP˜µσ∂σλˆβˆ ≡ ρ+T+ + ρ−T− ,
(3.13)
where
T+ =
1
4
(Pˆa + ηacΠ
c
σ)η
ab(Pˆb + ηbdΠ
d
σ)− dˆαˆΠαˆσ −
1
2
(πβλ
αCβγˆα dˆγˆ + πˆβˆλˆ
αˆC
βˆγ
αˆ dγ) +
+
1
2
S
βδˆ
αγˆπ
αλβλˆ
γˆπ
δˆ
+
1
2
Pαβˆdαdβˆ + πˆαˆ∂σλˆ
αˆ ,
T− =
1
4
(Pˆa − ηacΠcσ)ηab(Pˆb − ηbdΠdσ) + dαΠασ +
1
2
(πβλ
αCβγˆα dˆγˆ + πˆβˆλˆ
αˆC
βˆγ
αˆ dγ)−
− 1
2
S
βδˆ
αγˆπ
αλβλˆ
γˆ πˆ
δˆ
− 1
2
Pαβˆdαdβˆ − πα∂σλα .
(3.14)
Following the logic of previous section it seams to be natural to determine Poisson brackets
structure between T±’s. However this is very difficult task and the resulting Poisson brack-
ets are not very interesting 9. Then in order to derive some useful results and predictions
we presume that the Poisson brackets of the Virasoro components T± take standard form
{
T+(σ), T+(σ
′)
}
= −2T+(σ)∂σδ(σ − σ′)− ∂σT+(σ)δ(σ − σ′) ,{
T−(σ), T−(σ
′)
}
= 2T−(σ)∂σδ(σ − σ′) + ∂σT−(σ)δ(σ − σ′) ,{
T+(σ), T−(σ
′)
}
= 0 .
(3.15)
Let us again introduce two objects G± defined as
{Q,G±(σ)} = T±(σ) . (3.16)
Then using the nilpotence of Q:{Q,Q} = 0 we obtain
{Q,T+(σ)} = 0 , {Q,T−(σ)} = 0 . (3.17)
As the next step we analyze the Poisson brackets between T± and G±. Without knowledge
of explicit form of G± we guess their forms as
{
T+(σ), G+(σ
′)
}
= −2G+(σ)∂σδ(σ − σ′)− ∂σG+(σ)δ(σ − σ′) ,{
T−(σ), G+(σ
′)
}
= 2G−(σ)∂σδ(σ − σ′) + ∂σG−(σ)δ(σ − σ′) .
(3.18)
9For careful discussion of this problem in the context of Green-Schwarz superstring in general background
see [48].
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To check that this is correct proposal we calculate the Poisson bracket of Q with left and
right side of the first equation in (3.18). The Poisson bracket of left-side with Q gives
{
Q,
{
T+(σ), G+(σ
′)
}}
=
{
T+(σ),
{
Q,G+(σ
′)
}}− {G+(σ′), {Q,T+(σ)}} =
=
{
T+(σ),
{
Q,G+(σ
′)
}}
=
{
T+(σ), T+(σ
′)
}
(3.19)
while the Poisson bracket of Q with right-side of (3.18) gives
−2 {Q,G+(σ)} ∂σδ(σ − σ′)− ∂σ {Q,G+(σ)} δ(σ − σ′) =
= −2T+(σ)∂σδ(σ − σ′)− T+(σ)δ(σ − σ′) .
(3.20)
Collecting these results we derive the Poisson brackets (3.15). In the same way we can
proceed with the second equation in (3.15).
Further, let us consider the Poisson bracket {G+(σ), T−(σ′)} and apply BRST operator
Q on it
{
Q,
{
G+(σ), T−(σ
′)
}}
=
{
T−(σ
′), {Q,G+(σ)}
}− {G+(σ),{Q,T−(σ′)}} = 0
(3.21)
using the fact that {T+(σ), T−(σ′)} = {Q,T−(σ′)} = 0. Consequently we generally have{
T−(σ), G+(σ
′)
}
=
{
Q,Ω−+(σ, σ
′)
}
,{
T+(σ), G−(σ
′)
}
=
{
Q,Ω−+(σ, σ
′)
}
(3.22)
for some ghost number −2 functions Ω−+ and Ω+−. However the fact that the Poisson
bracket between T± and G∓ is non-zero has impact on time evolution of G+ since
∂τG+ = {H,G+} = ∂σ(ρ+G+) + {Q,Ω+−} ,
∂τG− = {H,G−} = −∂σ(ρ−G−) + {Q,Ω−+} ,
(3.23)
where
Ω−+(σ) =
∫
dσ′Ω−+(σ, σ
′) , Ω+−(σ) =
∫
dσ′Ω+−(σ, σ
′) . (3.24)
This result has an important consequence for time evolution of the operator R defined as
R =
∫
dσ(c+G+ + c
−G− + c
+∂σc
+β+ − c−∂σc−β−) (3.25)
since using (3.23) we easily determine that R is conserved up the BRST invariant term
∂τR = {Q,R} ,
R =
∫
dσ[c+(σ)Ω+−(σ) + c
−(σ)Ω−+(σ)] .
(3.26)
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Now we consider the Poisson brackets between G±(σ)’s. We generally presume that they
are non-zero and take the form
{
GA(σ), GB(σ
′)
}
= GAB(σ, σ
′) , GAB(σ, σ
′) = GBA(σ
′, σ) ,
(3.27)
where we used the notation GA , A = ±. For reasons outlined above it is hard to determine
the concrete form of the matrix GAB from the first principles. However let us apply the
BRST operator Q on (3.27) for A = +, B = +. Then, with the help of generalized Jacobi
identity and using (3.18) we obtain
{
Q,
{
G+(σ), G+(σ
′)
}}
= 0
(3.28)
and hence {
Q,G++(σ, σ
′)
}
= 0 (3.29)
that implies
G++(σ, σ
′) =
{
Q,H++(σ, σ
′)
}
(3.30)
for some function H++(σ, σ
′) of the ghost number −3. In the same way we obtain
{
G−(σ), G−(σ
′)
}
= G−−(σ, σ
′) , G−− =
{
Q,H−−(σ, σ
′)
}
. (3.31)
Finally we apply Q on {G+(σ), G−(σ′)} and we obtain{
Q,
{
G+(σ), G−(σ
′)
}}
=
{
T−(σ
′), G+(σ)
}
+
{
T+(σ), G−(σ
′)
}
=
= Ω−+(σ
′, σ) + Ω+−(σ, σ
′) =
{
Q,G+−(σ, σ
′)
}
.
(3.32)
We see that generally it is not possible to write G+− as {Q,H+−}. We return to this issue
below.
Now we are ready to discuss the redefinition of Q as in the previous section. Following
the same logic as there we write Q′ as
Q′ = Q+
n∑
n=1
1
n!
n︷ ︸︸ ︷
{R, . . . , {R, {R,Q}}} . (3.33)
Now we will argue that-as opposite to the case studied in previous section-there are some
subtleties with this redefinition when the string is moving in general background. In fact,
due to the result (3.26) it is not completely clear that Q′ is time independent as well. To
see this we again consider a quantum mechanics example and calculate
dQ′
dτ
=
deR
dτ
Qe−R + eR
dQ
dτ
e−R + eRQ
de−R
dτ
=
=
deR
dτ
Qe−R − eRQe−R de
R
dτ
e−R ,
(3.34)
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where we used dQ
dτ
= 0 , de
−R
dτ
= −e−R deR
dτ
e−R. We see from the expression above that in
order Q′ to be time-independent we have to demand [R, ∂τR] = 0. Then
deR
dτ
= eR∂τR and
hence
dQ′
dτ
= eR∂τRQe
−R − eRQ∂τRe−R =
= eR([Q,R]Q −Q[Q,R])e−R = eR[[Q,R], Q]e−R = 0 ,
(3.35)
where in the final step we used dR
dτ
= [Q,R]. With the help of the example given above we
now return to the classical mechanics. We again presume that
{R, ∂τR} = {R, {Q,R}} = 0 . (3.36)
Then we get
dQ′
dτ
= eR ({∂τR,Q}) e−R = eR ({{Q,R} , Q}) e−R = 0 (3.37)
and hence we obtain that Q′ is conserved as well. Let us now calculate explicit form of Q′.
It is easy to see that
{R,Q} =
∫
dσ(c+(T+ − β˜+∂σγ˜+ − ∂σ(γ˜+β˜+) + b+∂σc+) +
+ c−(T− + β˜−∂σ γ˜
− + ∂σ(γ˜
−β˜−)− b−∂σc−) + γ˜+G+ + γ˜−G−) .
(3.38)
We see that this form coincides with the form of the BRST operator Q′ derived in previous
section. Let us then calculate the second Poisson bracket {R, {R,Q}}. It is clear that
the difference with respect to the calculation presented in previous section comes from the
possible non-trivial form of the Poisson brackets {T±, G∓} and {GA, GB}. Then after some
calculations we obtain
{R, {R,Q}} = {Q,Σ}+
+
∫
dσdσ′[(c+(σ)γ˜−(σ′) + c−(σ)γ˜+(σ′))G−+(σ, σ
′)] ,
(3.39)
where
Σ =
∫
dσdσ′c−(σ)c+(σ′)[Ω+−(σ
′, σ)− Ω−+(σ, σ′) +
+c+(σ)γ˜+(σ′)H++(σ, σ
′) + c−(σ)γ˜−(σ′)H−−(σ, σ
′)] .
(3.40)
On the other hand, as we argued above, in order to find time-independent BRST operator
Q′ the operator R should obey the relation (3.36). Let us presume that ∂τR = 0 so that
Ω−+ = Ω+− = 0 . (3.41)
– 15 –
Then (3.32) implies
G+−(σ, σ
′) =
{
Q,H+−(σ, σ
′)
}
(3.42)
and consequently
{R, {R,Q}} = {Q,Σ′} , (3.43)
where now
Σ′ =
∫
dσdσ′[c+(σ)γ˜+(σ′)H++(σ, σ
′) + c−(σ)γ˜−(σ′)H−−(σ, σ
′) +
+ (c+(σ)γ˜−(σ′) + c−(σ)γ˜+(σ′))H−+(σ, σ
′)] .
(3.44)
These results imply that the new BRST operator Q′ contains additional terms as opposite
to the BRST operator in flat space-time. This is a natural consequence of the form of the
Poisson brackets (3.22) and (3.27). In fact, if the new BRST operator Q′ is interpreted as
the standard BRST operator that contains the first-class constraints only the fact that the
Poisson brackets (3.22),(3.27) are non-trivial implies that there are additional constraints
that should be taken into account. Moreover, the new form of the BRST operator is not
the convention-looking one that is constructed from the first-class constraints only and
with corresponding structure constants. In fact, in order to find such a form of the BRST
operator we have to presume that all functions GAB vanish. In this case the new BRST
operator takes the same form as the BRST operator in flat space time with difference
that T± and G± are defined for pure spinor string in general background. In other words
on condition given above we derive conventional-looking BRST operator in general back-
ground that is constructed from the first-class constraints only. This result then opens an
interesting possibility to study the classical solution of the pure spinor string in general
background since the new BRST operator contains Virasoro constraints that are crucial
for correct physical interpretations of these solutions.
4. Conclusion
In this section we give a brief summary of our paper. We formulated the pure spinor
BRST charge redefinition in the classical manner in order to be able to generalize this to
the case of pure spinor string in general background. Then we developed the Hamiltonian
formalism for pure spinor string in general background and we found Virasoro constraints.
Then we analyzed the general structure of the Poisson brackets and discussed conditions
under which the classical redefinition of the BRST charge can be performed.
The motivation for this calculation was to see how Virasoro constraints can emerge
from the pure spinor string in general background. In fact, it seems to be rather difficult
to study the classical equations of motion for pure spinor string without imposing Virasoro
constraints. The reason why we are interested in the study of classical solutions of pure
spinor string is following. It is well known that the classical description of the Green-
Schwarz superstring in AdS5 × S5 10 gives very interesting results and predictions. Then
10For review, see [49, 50].
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it would be certainly very interesting to give a covariant form of this analysis using pure
spinor formulation of superstring. Then due to the lack of quantum mechanical formulation
of pure spinor conformal field theory in this background we wanted to perform classical
analysis of pure spinor string in AdS5 × S5 as well. However it turned out that the fact
that Virasoro constraints are ”hidden” in the original pure spinor formulation makes the
classical analysis rather obscure. On the other hand we hope that the formulation of the
pure spinor theory in AdS5 × S5 based on new BRST operator Q′ could be useful for
description of the classical dynamics of the pure spinor string. We currently study this
problem and we hope to report about new results in future.
5. Appendix: Classical Poisson brackets
In this Appendix we collect some classical Poisson brackets between fundamental modes
for pure spinor string in flat background. To begin with we define graded Poisson bracket.
Let as consider extended phase space that is spanned with canonical pairs XM ,ΠM with
Grassman parity |M |. Then the graded Poisson bracket is defined as
{F,G} = (−1)|F ||M |
[
∂LF
∂XM
∂LG
∂ΠM
− (−1)|M | ∂
LF
∂ΠM
∂LG
∂XM
]
, (5.1)
where superscript L on partial derivative means partial left derivative and where the re-
lation between left and right derivative can be found as follows. Let F is function of
Grassmann parity |F | defined on superspace labeled withXM . Since dF (Z) = dXM∂LMF =
∂RMFdX
M we obtain that left and right derivatives of F are related as (−1)|M ||M+F |∂LMF =
∂RMF . In what follows we will consider the derivative from the left only and for that reason
we omit the superscript L on the sign of the partial derivative. Note also that the Poisson
brackets (5.1) obey relation
{F,G} = −(−1)|F ||G| {G,F}
(5.2)
and generalized Jacobi identity
{M, {N,P}}+(−1)|M ||N |+|M ||P | {N, {P,M}}+(−1)|N ||P |+|N ||M | {P, {M,N}} = 0 . (5.3)
Now we return to the pure spinor string in flat background. Using the canonical Poisson
brackets (3.7) we easily determine the BRST variations of fundamental modes
{QL, xm} = i(λγmθ) , {QL, pm} = −i∂σ(λγnθ)ηmn ,
{QL, θα} = −λα , {QL, λα} = 0 , {QL, πα} = dα
(5.4)
while Poisson bracket between QR and unheated variables all vanish. The same relations
can be derived in case of QR and hatted variables.
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Further, we easily determine{
dα(σ), dβ(σ
′)
}
= 2iγmαβ(pm − ∂σxnηnm + 2i(θγn∂σθ)ηnm)δ(σ − σ′) ≡
≡ 2iγmαβΠm−δ(σ − σ′) ,{
dˆαˆ(σ), dˆβˆ(σ
′)
}
= 2iγm
αˆβˆ
(pm + ∂σx
nηnm − 2i(θˆγn∂σ θˆ)ηnm)δ(σ − σ′) ≡
≡ 2iγm
αˆβˆ
Π+mδ(σ − σ′) ,{
dˆαˆ(σ), dβ(σ
′)
}
= 0 . (5.5)
Further, we have {
dα(σ),Πm−(σ
′)
}
= −4i(γn∂σθ)αηnmδ(σ − σ′){
dˆαˆ(σ),Πm+(σ
′)
}
= 4i(γn∂σ θˆ)αˆηnmδ(σ − σ′){
dα(σ), θ
β(σ′)
}
= −δβαδ(σ − σ′) ,{
dˆαˆ(σ), θˆ
αˆ(σ′)
}
= −δβˆαˆδ(σ − σ′){
Π−m(σ),Π−n(σ
′)
}
= −2∂σδ(σ − σ′)ηnm ,{
Π+m(σ),Π+n(σ
′)
}
= 2∂σδ(σ − σ′)ηmn{
Π−m(σ),Πn+(σ
′)
}
= 0
(5.6)
With the help of these Poisson brackets we obtain
{QL, QL} = 2i
∫
dσλαλβγmαβΠm− ,
{QR, QR} = 2i
∫
dσλˆαˆλˆβˆγm
αˆβˆ
Π+m .
(5.7)
Further, using the Poisson brackets given above we easily get{
Q,Πm−
}
= −4i(λγm∂σθ) ,
{
Q,Πm+
}
= 4i(λˆγm∂σ θˆ)
{Q, dα} = 2i(λγm)αΠm− ,
{
Q, dˆαˆ
}
= 2i(λˆγm)αˆΠm+ .
(5.8)
Now we determine the Poisson brackets between Q and ghost variables N,J where
Nmn =
1
2
πα(γmn)
α
βλ
β , J = παλ
α ,
Nˆmn =
1
2
πˆαˆ(γmn)
αˆ
βˆ
λˆβˆ , Jˆ = πˆαˆλˆ
αˆ .
(5.9)
Using the free Poisson brackets defined above we easily get
{Q,Nmn} = 1
2
(λγmnd) , {Q,J} = dλ ,
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{
Q, Nˆmn
}
=
1
2
(λˆγmndˆ) , {Q,J} = dˆλˆ .
(5.10)
Finally it is also useful to know the Poisson bracket between Nmn’s
{
Nmn(σ), Nkl(σ
′)
}
= (ηknNml −Nmkηnl − ηmkNnl + ηlmNnk)δ(σ − σ′) .
(5.11)
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